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[8], [5], [9] , Serre $p$ Eisenstein ,
modular
. $P$ Siegel-Eisenstein genus theta
([8]). , $P$ Siegel-Eisenstein level $P$ genus theta
. , $P$ Siegel-Eisenstein
modular . $[8|$ ,
Neben , , Haupt
. , discriminant $P^{2}$ , level $P$ quaternary quadratic
form genus theta $p$ Eisenstein
.
1
1.1 Siegel modular $\mathbb{H}_{n}$ , $n$ Siegel , $n$
Siegel modular $\Gamma^{(n)}:=Sp_{n}(\mathbb{R})\cap M_{2n}(\mathbb{Z})$ $\mathbb{H}_{n}$ . $\Gamma^{(n)}$
$\Gamma’$ , $M_{k}(\Gamma’)$ weight $k$ Siegel modular
. $\Gamma’=\Gamma^{(n)}$ $\Gamma_{0}^{(n)}(N)$
.
$\Gamma_{0}^{(n)}(N):=\{(\begin{array}{l}ABCD\end{array})\in\Gamma^{(n)}|C\equiv O_{n}$ $(mod N)$
. $M_{k}(\Gamma^{t})$ $F$ Fourier :
$F(Z)= \sum_{0\leq T\in\Lambda_{n}}a_{F}(T)\exp[2\pi\sqrt{-1}tr(TZ)|$
$\Lambda_{n}$
$\Lambda_{n}=Sym_{n}^{*}(\mathbb{Z}):=\{T=(t_{ij})\in Sym_{n}(\mathbb{Q})|t_{ii}, 2t_{ij}\in \mathbb{Z}\}$
, lattice .
$Z=(z_{ij})\in \mathbb{H}_{n}$ , $q_{ij}$ $:=\exp(2\pi\sqrt{-1}z_{ij})$
$q^{T}$
$:= \exp[2\pi\sqrt{-1}tr(TZ)|=\prod_{1\leq i<j\leq n}q_{;j}^{2t_{j}}j\prod_{i=1}^{n}q_{1}^{t}$
:
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. , Siegel modular , $\mathbb{C}[q_{ij}^{-1}, q_{1j}][q_{1},$ $\ldots,$ $q_{n}J$
.
$\mathbb{C}$ $R$ , $M_{k}(\Gamma’)_{R}$
$M_{k}( \Gamma’)_{R}:=\{F=\sum a_{F}(T)q^{T}\in M_{k}(\Gamma^{t})|\forall a_{F}(T)\in R\}$




1.2 Siegel-Eisenstein Siegel modular $\Gamma^{(n)}$ $\Gamma_{\infty}^{(n)}$
$\Gamma_{\infty}^{(n)}:=\{(\begin{array}{l}ABCD\end{array})\in\Gamma^{(n)}|C=O_{n}\}$
. $k>n+1$ $k$ ,
$E_{k}^{(n)}(Z):=. \sum_{)(*cD\in\Gamma_{\infty}^{(n)}\backslash \Gamma^{(n)}}\det(CZ+D)^{-k},$
$Z\in \mathbb{H}_{n}$








{Si, . . ., $S_{h}$ } $S$ genus unimodular . $S$
genus theta
$genus\Theta^{(n)}(S)(Z):=(\sum_{1=1}^{h}\frac{\theta^{(n)}(S_{1;}Z)}{E(S_{i})})/(\sum_{i=1}^{h}\frac{1}{E(S_{1}\cdot)})$
. $E(s_{:})$ $S_{i}$ .
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1.4 $P$ Siegel-Eisenstein
Serre [101 , Siegel modular $P$ Eisenstein .
$\{k_{m}\}_{m=1}^{\infty}$ . Siegel-Eisentein
$\{E_{k_{m}}^{(n)}\}\subset \mathbb{Q}[q_{ij}^{-1}, q_{ij}][q_{1}, \ldots, q_{n}]$
$p$ $\mathbb{Q}_{p}[q_{ij}^{-1},$ $q_{ij}|[q_{1},$ $\ldots,q_{n}I$ . ,
$\lim_{marrow\infty}$ E Serre $p$ Siegel-Eisenstein .
2
, $p$ . $S^{(p)}$ , 4 2 , discriminant
$p^{2}$ , level $p$ . , $S^{(p)}\in\Lambda_{4}=Sym_{4}^{*}(\mathbb{Z})$
:
$\det(2S^{(p)})=p^{2}$ , $p\cdot(2S^{(p)})^{-1}\in Sym_{4}(\mathbb{Z})$ .
:
$p$ , $S^{(p)}$ . $\{k_{m}\}$
$k_{m}=k_{m}(p):=2+(p-1)p^{m-1}$ ,
, Siegel-Eisenstein $\{E_{k_{m}}^{(2)}\}$ , $p$ Siegel-Eisenstein
.
$\lim_{marrow\infty}E_{k_{m}}^{(2)}=$ genus$\Theta^{(2)}(S^{(p)})$
. , $P$ Siegel-Eisenstein
$F_{2}(p):= \lim_{marrow\infty}E_{k_{m}}^{(2)}$
$|$ , level $P$ , weight2 Haupt Siegel modular .
weight 2 Siegel modular , .
Siegel-Eisenstein .
. Serre [10] , :
Serre . $P$ . $M_{2}(\Gamma_{0}^{(1)}(p))_{Z_{(p)}}$ modular
$f$ $M_{p+1}(\Gamma^{(1)})_{Z_{(p)}}$ modular $g$
$f\equiv g$ $(mod p)$
. $\mathbb{Z}_{(p)}=\mathbb{Q}\cap \mathbb{Z}_{p}$ .
statement :
$p$ . $M_{2}(\Gamma_{0}^{(n)}(p))_{Z_{(p)}}$ Siegel modular $F$
, $M_{p+1}(\Gamma^{(n)})_{Z_{(p)}}$ Siegel modular $G$ ,
$F\equiv G$ $(mod p)$
.
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$F$ $F_{2}(p)$ . ,
:
$p$ , $F_{2}(p)$ Siegel modular
. :
$F_{2}(p)\equiv E_{p+1}^{(2)}$ $(mod p)$ .
, $F_{2}(p)$ , .
3
$F_{2}(p)$ $:= \lim_{marrow\infty}E_{k_{m}}^{(2)}=$ genus$\Theta^{(2)}(S^{(p)})$
. , $F_{2}(p)$ genus$\Theta^{(2)}(S^{(p)})$ $q$- ,
. .
$E_{k_{m}}^{(2)}= \sum_{0\leq T\in\Lambda_{2}}a_{k_{m}}(T)q^{T}$
$F_{2}(p)$ Siegel-Eisenstein Fourier . ,
$\{a_{k_{m}}(T)\}$ $T\in\Lambda_{2}$ , $p$ $\mathbb{Q}$
$\exists\lim_{marrow\infty}a_{k_{m}}(T)=:\tilde{a}(T)\in \mathbb{Q}$
. , 2 Siegel-Eisenstein Fourier
, . , genus theta genus$\Theta^{(2)}(S^{(p)})$ Fourier
$genus\Theta(S^{(p)})=genus\Theta^{(2)}(S^{(p)})=\sum_{0\leq T\in\Lambda_{2}}b(T)q^{T}$
, Siegel , Fourier $b(T)$





2 Siegel-Eisenstein $E_{k_{m}}^{(2)}$ Fourier $a_{k_{m}}(T)$ ,
.
(i) $T\in\Lambda_{2}$ rank 2 :






: $B_{k}$ $k$ Bernoulli , $B_{k_{1}\chi}$ $\chi$ $k$




$f(T)$ . $\chi_{D(T)}$ Kronecker
. $O_{2}\neq T\in\Lambda_{2}$
$\epsilon(T):=\max\{l\in N|l^{-1}T\in\Lambda_{2}\}$
. , $\sigma_{k}(n):=\sum_{0<d|n}d^{k}$ .




$T$ rank $a_{k_{m}}(T)$ . 2 Siegel-Eisenstein
Fourier (eg. cf. [3], [6]),
, Eichler-Zagier [1] . , $P$ .
$r_{p}$ , Bernoulli , Bernoulli
Kummer . Fresnel[2] .
.










$b(T)= \prod_{q\leq\infty}\alpha_{q}(S^{(p)}, T)=\prod_{q:prime}\alpha_{q}(S^{(p)}, T)\cdot\alpha_{\infty}(S^{(p)}, T)$ .
, $\alpha_{q}(S^{(p)}, T)$ , $b(T)$ ,
$\alpha_{\infty}(S^{(p)}, T)$ . Siegel .
, . $S\in\Lambda_{m}$ $T\in\Lambda_{n}$ ,
$\alpha_{q}(S, T)$ ( $q$ : )
$\alpha_{q}(S, T)=\lim_{aarrow\infty}q^{a(n(n+1)/2-mn)}A_{q^{a}}(S, T)$ ,




. Siegel([11], \S 10, Beispiele), ,
$\gamma_{mn}$ Siegel . ,
$Sym_{n}(\mathbb{Z})$ $Sym_{n}^{*}(\mathbb{Z})$ .
, ,
. , $T$ rank 2
, , Yang[12] . $q$ $p$ ( $p$
$p$) , Kaufhold[3]
. .
1 $T$ A2 .
(1) rank$(T)=2$
$\alpha_{q}(S^{(p)}, T)$
$=\{\begin{array}{ll}\frac{(1-q^{-2})^{2}}{1-\chi_{D(T)}(q)q^{-1}}\sum_{l=0}^{\epsilon_{l}}(\sum_{m=0}^{f_{q}-l}q^{-m}-\chi_{D(T)}(q)q^{-1}\sum_{m=0}^{f_{q}-l-1}q^{-m}) if q\neq p,\frac{1-\chi_{D(T)}(p)}{1-\chi_{D(T)}(p)p^{-1}}. \frac{(p+1)^{2}}{p^{f_{p}+2}} if q=p,2^{3}\cdot\pi^{3}\cdot p^{-2}\cdot|D(T)|^{1/2}\cdot f(T) if q=\infty,\end{array}$
$\epsilon_{q}$ $:=$ ord$q(\epsilon(T)),$ $f_{q}$ $:=$ ord$q(f(T))$ .
(2) rank$(T)=1$





2 $T$ A2 .
(1) rank$(T)=2$









1 2 , rank$(T)\leq 1$ $T$ , $\sim$a(T) $=$
$b(T)$ . rank$(T)=2$ ,
, $\tilde{a}(T)=b(T)$ .



















. , $n=3$ , .
, , $n\leq 4$ ( modular
).
2 , $p$ , $\{k_{m}\}$
$k_{m}=2+(p-1)p^{m-1}$
,
$k_{m}=k+(p-1)p^{m-1}$ , $k$ : even $\geq 2$
,
$F_{k}^{(2)}(p):= \lim_{marrow\infty}E_{k+(p-1)p^{m-1}}^{(2)}$
, $F_{k}^{(2)}(p)$ modular , $F_{k}^{(2)}(p)\in M_{k}(\Gamma_{0}^{(2)}(p))$
(cf. Mizuno[7]).
Neben 2 , Serre ,
modular ,
. $[8|$ , $p>3,$ $p\equiv 3(mod 4)$
$p$
$F_{1}(p):= \lim_{marrow\infty}E_{1+\cdot p^{m-1}}^{(n)_{L_{2}^{-\underline{1}}}}$
$p$ Siegel-Eisenstein , , weight 1, level $p,$ $\chi_{p}=(\frac{r}{p})$
Neben modular . $\chi_{p}$ 2 ,





weight2 modular Hecke $\Gamma_{0}(p)$ weight2 Eisenstein –
$G_{2}(p)= \frac{p-1}{24}+\sum_{n=1}^{\infty}\sigma_{1}^{*}(n)q^{n}$
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( 817 , Satz 11). , $G_{2}(p)\in M_{2}(\Gamma_{0}^{(1)}(p))$ .
,
$E_{2}(p);= \frac{24}{p-1}\cdot G_{2}(p)=1+\frac{24}{p-1}\sum_{n=1}^{\infty}\sigma_{1}^{*}(n)q^{n}$
. $F_{2}(p)\in M_{2}(\Gamma_{0}^{(2)}(p))$ Fourier 1, 2
$F_{2}(p)=1+ \frac{24}{p-1}\sum_{T:rank(T)=1}\sigma_{1}^{*}(\epsilon(T))q^{T}+\frac{288}{(p-1)^{2}}\sum_{T:rank(T)=2}A(T)q^{T}$
$A(T)=-(1-\chi D(\tau)(p))B_{1,\chi_{D(T)}}\cdot\tilde{F}(T)$
. $\tilde{F}(T)$ 1 .
, $F_{2}(p)$ , Hecke Eisenstein $E_{2}(p)$
.
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